Prelim Examination 2006 / 2007
(Assessing Units 1 & 2)

MATHEMATICS
Advanced Higher Grade

Time allowed - 2hours

Read Carefully

Calculators may be used in this paper.

Candidates should answer all questions.

Full credit will be given only where the solution contains appropriate working.
This examination paper contains questions graded at all levels.

PopbpE



All questions should be attempted

(@)  Given f(x) = e®tandx, 0 < x < % obtain f '(x).

(b) Fory= In_5>1( , Where x > 1, determine g—y in its simplest form.
X

For what value of t does the system of equations

X+2y—-3z=-7
4x— y+2z=9
3X—-2y+tz =13

have no solution?

Verify that 1 — 3i is a solution of z*—4z% + 117° — 14z — 30 = 0.

Hence express z* — 4z° + 11z° — 14z -30 in the form (z + a)(z + b)(z* + cz + d),
where a, b, c and d are real numbers.

Use the substitution x = 3cosd to show that

5
Obtain the binomial expansion of [3a2 —gj .

1

Use integration by parts to evaluate I x’e ™ dx .
0

Determine whether the function f(x) = x?cosx + x> is odd, even or neither.

Justify your answer.



10.

11.

A spherical balloon is being inflated.

L. . 30
Its volume, V cm?, is increasing at the rate of 7” cm?® per second.

Find the rate at which the radius is increasing with respect to time when the

. 36rx
volume is = cm®.

3

[Note: The volume of a sphere is givenby V= % 7]

Prove that if n is odd then n* — 1 is divisible by 8.

(@) Obtain partial fractions for
9
x> -9
(b) Hence evaluate
1 2
J. 2X dx
o X°—9
The function f is defined by
2
)= 22—  x=-3,
X+3

(@)
(b)
(©)
(d)

Obtain algebraically the asymptotes of the graph of f.
Find the stationary points of f and justify their nature.
Sketch the curve showing clearly the features found in (a) and (b).

Write down the coordinates of the stationary points of the graph of
g(x) =10 + | f(x)|.



12.

13.

The first two terms of a seriesare 1+ +/2 and 1+ i .

V2

. . . .1
@ If the series is arithmetic, show that the common difference is 5 V2.

Show also that the sum of the first ten terms is g (4 - 5\/5).
(b) If the series is geometric, show that the sum to infinity exists.

Show also that S, =4 +3+/2.

A solid is formed by rotating the curve y = x* + 4 between x=1and x=t,t>1,
through 360° about the y — axis.

Find the value of t given that the volume of the solid formed is 40z units®,

[END OF QUESTION PAPER]



Marking Scheme - Advanced Higher Grade 2006/2007
Prelim (Assessing Units 1 & 2)

Give one mark for each e

Illustrations for awarding each mark

1(a) | ans: f(x) = 2e™*(2sec4x — tanx)
3 marks
e knows to use product rule o
o differentiates e correctly o -2e
o differentiates tan4x o 4sec?4x
1(b 1-1 -1
(b) ans: gy = % 3 marks
dx X(x—-1)
e knows to use the quotient rule ¢
X—1
—— —In5x
o differentiates correctly « X
(x-1)*
e correct simplification for ay . Lxlnfx
dx X(x—1)
2
ans: t = % 5 marks

correct augmented matrix

o first modified system correct

e second modified system correct

e third modified system correct

e solves for t

-2 t 13
2 -3-7
-9 14 37
-2 t 13
2 -3-7
-9 14 37
t+934

1 2 -3 -7

0 -9 14 37

o o 1 310

9 9

I/ _ N O O r W o r whrdrmeRr
|
0]




Give one mark for each e

Illustrations for awarding each mark

ans: Proof, (z—3)(z + 1)(z* — 2z + 10)

5 marks

verifies that 1 — 3i is a solution

knows that 1 + 3i is a solution
uses 1 + 3i for substitution or synthetic
division
findsz2—2z2-3=(z-3)(z + 1)

correct substitution or synthetic division
1+ 3iisasolution
correct substitution or synthetic division

#-22-3=(z-3)(z +1)

e finds 22— 2z + 10 factor o 77-27+10
ans: Proof 6 marks
e dx=-3sing dé
e starts substitution 3 3.0
e changes limits correctly ¢ __>§’ -
- ¢ —3sinado
e correct substitution . _[
*V9-9cos’ 0
3
0
e deals with denominator . J‘ 3sin ¢
° 3sing
3
e correctly integrates o -[6]
3
e substitutes limits correctly I
3
ans:
8 6 4
ou3q0 _ 16202 +432(2)a _576(3a .
b b
3840a° 1024
b*  b°
3 marks

e correct binomial expression

e correct expansion

e correct simplification




Give one mark for each e

Illustrations for awarding each mark

ans: 2 —5e’ 5 marks

e uses integration by parts correctly

uses integration by parts for a second time

integrates correctly

substitutes limits correctly
correct evaluation

[— xze‘x] ; +j'2xe‘xdx
0

[— 2xe’x] ) +Jl'2exdx

0
. [— 267’(] t
-el_2et_2et+2¢°

o 2-—
e

ans: Neither 3 marks

e knows to find f(-x)
e finds f(-x) correctly
e correct conclusion

e f(=x)=(-x)*cos(—x) + (-x)*

e f(—x)=x"cosx—x°

e Neither
ans: 0-35 [cm/s] 5 marks
e knows how find ar o g:ixd—v
dt dt  dv dt
e finds ar correctly . o1 >
dv dv  dar
e finds correct formula for ar . Ir_ 152
dt dt  14r
e finds correct radius e r=175
e evaluates ar correctly o ar = 0-35
dt dt

ans: Proof 3 marks
e knows how to start proof: n=2k + 1
e continues proof : simplifiesn=2k + 1

e completes proof : common factor of 8

nisodd => n=2k + 1(k €2)
e =n*_1=16k*+ 32k 3+24k >+ 8k

e =n*—1=8(2k*+ 4k *+3k 2+ k) which is
divisible by 8




Give one mark for each e

Illustrations for awarding each mark

10(a) ns: 3 3
" 2(x—=3) 2(x+3)
2 marks . 3
e first fraction 2(x-3)
e second fraction .. 9
2(x+3)
1
0(b) ans: 1+§In 1
2 2
4 marks
e divides correctly o 14 9
e integrates correctly x> -9
e x+2in[x-3-Injx+3
2 2
(1+gln|— 2 —%In|4|j—
e substitutes limits correctly 3 3
(0+—In|—3| ——In|3|j
2 2
e evaluates correctly 3
. 1+§(In 2-1In4)
11(a) |ans: x=-3&y=x-3
3 marks
e states equation of vertical asymptote e x=-3
12
e divides correctly ¢ T0)=x=3+ x+3
e states equation of oblique asymptote e y=x-3
11(b) | ans: (0,0) — minimum turning point;
(-6,-12) — maximum turning point
Frex) X® + 6X
5marks | ® (x) = (x+3)°

o differentiates correctly
¢ finds x-coordinates of stationary points

e finds y-coordinates of stationary points
e finds second derivative or nature table

e correct nature of both points

e f'(X)=0=>x=0-6
o (0,0)&(-6,-12)

. )= (2x +6)(x +3)° - 2(:(2 +6X)(x+3)
(x+3)

e f"(0)>0= (0,0)MinT.P. &
f"'(~6) <0=> (=6,~12)Max.T.P.




Give one mark for each e

Ilustrations for awarding each mark

11(c) | ans: correct graph 2 marks
e turning points shown e correct turning points
e completes graph e correct behaviour at asymptotes
see graph on next page
11(d) | ans: (0,10) & (-6,22) 2 marks
e 0One point correct e (0,10)
e second point correct o (-6,22)
12(a) | ans: Proof 4 marks

e knows how to find common difference

e simplifies correctly

. 1+%—(1+\/§)

SR

V2 2 2
e knows how to find sum of first 10 terms ., 0 2(1++/2) + (10 _1)(—_1j
2 J2
e simplifies correctly
. 5(2+2\/_—%]=...=g(4—5ﬁ)
12(b) | ans: Proof 5 marks
1 1
e knows to find common ratio * 2
[ ]
1++/2
. . 1
e finds common ratio correctl °« —
y 2
° - g - - . - 1
justifies that sum to infinity exists o 1< _— <1
V2
. s 1++/2
e knows how to find sum to infinity o 1
V2
o simplifies correctly . V2+2 — —4.302




Give one mark for each e Illustrations for awarding each mark
13 ans: t=3 6 marks

« V= [x(y-4)dy
e knows how to find volume of solid )
e finds limits of integration * 1_>25’t —>U+4

_ ° nly7—4yJ
e integrates correctly
2 2

: ,,{(@ 2 _4<t2+4>}(5?_4<5>]}
e substitutes limits correctly \

e 407 = vt 1

2 2
e equates volumes e t=3
e solves for t correctly
TOTAL MARKS =74
Q11 (c)




Higher Still - 2006 / 2007

MATHEMATICS

Advanced Higher Grade — Mini Prelim
(Unit 3 + Units 1/2 Revision)

Time allowed - 1 hour 20 minutes

Read Carefully

Calculators may be used in this paper.

Candidates should answer all questions.

Full credit will be given only where the solution contains appropriate working.
This test contains questions graded at all levels.

hPwhpRE

All questions should be attempted



Find the general solution of the differential equation
N (x—2)y =x*
dx

Given that y = 5e ' when x =1, find the particular solution.

(@) Show that the matrix A=

N P DN

1 4
0 2| isnon-singular.
31

(b) Use elementary row operations to find A ™.

(©) Hence solve the system of equations

2x+ y+4z= 2
X +2z=3
2x + 3y + z=-6.

(a) Obtain the first five terms in the Maclaurin expansion of (1+ 3x)%.

(b) For what values of x is this series valid?

5
(©) Use the expansion to find an approximation for 1-93.

(@) Express 458 in base 8.

(b) Prove by induction that n(n + 1)(n + 2) is divisible by 6 for all positive
integers n.

A function y(x) is defined implicitly by x* + 4xy = 3.

: dy d’y .
Obtain formulae for — and —— interms of x and y only.

dx dx?

2

Hence evaluate dy at (1, 0) and dy at (2,-1).
dx dx

2




(@) Find the point of intersection of the line L;

X-6 _ y+2 _ z+7

2 1 -3

and the plane with equation 3x —y —2z = 12.

(b) Find the point of intersection of the line L; and the line L,

1

Let z= ———.
cos@ +i1sin @

(@) Use de Moivre’s theorem to express z° in the form cos pé - isin p@, where p
is a natural number.

(b) Use the binomial theorem to express sin5é in the form
gsin® + rsin® + tsin®6

and state the values of ¢, rand t.

[END OF OUESTION PAPERI

Marking Scheme - Advanced Higher Grade 2006/2007



Mini Prelim (Assessing Unit 3 + Revision)

Give one mark for each e

Illustrations for awarding each mark

1 2
ans: y = x> —x*+— 5 marks
X2
y=x"—x"+— 2 marks
e
L . [ 2
e knows to find integrating factor correctly o g X
e finds correct integrating factor e”
® —
2
X
e uses integrating factor correctly o
e —y= J xe*dx
e uses integration by parts correctly
o Xxe —J'exdx
e finds general solution correctly ., CX°
e Yy=X-—X+—
e
. . C
e substitutes conditions correctly e Selt=1-1+—
e finds particular solution correctly €
e C=5
2(@) |ans:detA=3 = 0 3 marks
_ _ 2 1 4
. k_nows how to find the determinantofa 3x3 | | 4ota=11 0 2
matrix
2 31
e 3

e finds determinant correctly

e correct explanation

Since |A = 0, A is non-singular

2(b)




1—6 11 2
ans: A’lzg 3 -6 0

3 -4 -1
41 0 O
5 marks 20 1 0
e correct augmented matrix 3 10 01
0101 -2 0
e 0One correct row
e asecond correct row 0 0 1 -4 1}
3 3
11 2
-2 = =
1 00 3 3
e the third row correct
2
3 3
At=| 1 -2 0
o identifies A™ ; -4 1
3 3
2(c)
ans: x=3,y=-4,z=0
2 marks
-6 11 2 2
e knows to pre-multiply both sides by A™ 1 3 -6 01 3
3
3 -4 -1)\-6
X 3
e correct solution yl=|-4
z 0
3(a) 3,94

5
ans: (1+3x)s =1+ 5x +5x —gx X

4 marks

e evaluates f(0) & f'(0) correctly
e evaluates f'(0) correctly
e evaluates f"'(0) & f"(0) correctly

f(0)=1& f'(0)=5
f"(0) =10
f"'(0)=-10& f"(0) = 40




correct expansion

Correct expansion

3(b 1
(b) ans: |x| < 3 2 marks
e knows range of validity o [3x <1
e solves inequality 1
° |X| < —
3
3(c) | ans:2:9185 2 marks

use expansion correctly

correct approximation

@+ 3(0-3))2 =1+5(0-3)+5(0-3)* -

5 .5

2-9185




4(a) | ans: 266, 3 marks
e changes to base 10 o 458, =182
e repeated division by 8 e 182+8=22r6,22 +~ 8=2r6,2 +8=0r2
e correct answer in base 8 o 266,
4(b) | ans: Proof 6 marks
e knows how to start proof; e.g. true for n=1 e n=1:1(1+1)(1+2) = 6 which is divisible by 6
e assume true for n=k e n=k:k(k+1)(k+2) [=6L] is divisible by 6
e statement for n=k+1 o n=k+1:(k+1)(k+2)(k+3) is divisible by 6
e continues proof : consider n odd e kodd[=2m+1]-
(k+1)(k+2)(k+3)
=6L+3(k+1)(k+2)
=6L+3(2m+2)(2m+3)
=6[L+(m+1)(2m+3)] which is divisible by 6
e continues proof : consider n even e Kkeven[=2m]-
(k+1)(k+2)(k+3)
=6L+3(k+1)(k+2)
=6L+3(2m+1)(2m+2)
=6[L+(2m+1)(m+1)]which is divisible by 6
e completes proof e Since true for n=1 and [true for n=k =
true for n=k+1], the result is true for all
positive integers n.
> ans: dy_-3 x—J
dx 4 X
2
d’y = 2y 5 marks
dx*>  x°
dy -3
dx 4
2 —
d Z _-t 2 marks
dx 2
e knows how to use implicit differentiation o 3X°+4y+ 4Xd_y -0
dx
o differentiates correctly . dy _ —_3X Yy
dx 4 X
e knows how to find second derivative d?y d (dy
[ ] = —| —
dx®  dx (dxj
o differentiates correctly . -8_ {_ X2y +x7* d_y}
4 dx
e finds simplified answer (in terms of x and y d’y 2y
[ ] = —
only) dx®>  x?
-3

e evaluates first derivative correctly
e evaluates second derivative correctly




6(a) |ans: (2,-4,-1) 4 marks
e expresses X, y and z in terms of t o X=2t+6,y=t—-2,2=-3t-7
e substitutes in plane equation o 3(2t+6)—(t—2)—2(-3t-7)=12
e solvesfort o t =22
e correct point o (2,-4,-1)
6(b) | ans: (4,-3,-4)
4 marks
e correct system of equations e 2t+s=0,t—-2s=-5-3t+2s=7
e integrates correct value for t o t=-1
e correct value for s e s=2
e correct point o (4,-3-4)
7(@) |ans: z°=cos50—isin50
2 marks
e applies de Moivre’s theorem correctly * C0s(=56) +isin(—50)
e express answer in correct form e C0s50 —isin50
7(b) _sin50 = 5sin @ — 20sin°6 +16sin° 4

ans

T q=5r=-20&t=16

5 marks
uses the binomial theorem correctly

equates imaginary parts

substitutes correctly
simplifies correctly

correct values of g, r & t.

2° = (c0s0)’ +5(cosH)* (~isin 8) +
10(cos8)®(—isin 8)* +10(cosd)’*(-isin ) +
5(cosd)(—isin 8)* + (—isin 6)°

sin50 = 5cos* @sin 6 —10cos® Asin® 6 +
sin® 6

5(1—sin’#)*sin @ —10(L-sin*H)sin®o
+sin®@

5sin @ —20sin> @ +16sin°
g=5r=-20&t=16

TOTAL MARKS = 56




